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Abstract 

We present a functional framework for descriptive com- 
putational complexity, in which the Regular, First- 
order, Ptime, Pspace, k-Exptime, k-Expspace (k > I), 
and Elementary sets have syntactic characterizations. 
In this framework, typed  lambda terms represent inputs 
and outputs as well as programs. The l a m b d a  calculi 
describin,g the above computational complexity classes 
are sim.ply or let-polymorphically typed with function- 
alities of fixed order. They consist of: order 0 atomic 
constants, order 1 equality among these constants, vari- 
ables,  application, and abstraction. Increasing func- 
tionality order b y  one for these languages corresponds 
to increasing the computational complexity b y  one al- 
ternation. This exact correspondence is established us- 
ing a semantic evaluation of languages for  each fixed 
order, which is the primary technical contribution of 
this paper. 

1 Introduction 

Motivation: The simply t y p e d  A-calculus of Church 
[7] ( t y p e d  A-calculus or TLC) with its syntax and se- 
mantics is an essential part of most functional program- 
ming languages, e.g., ML, Miranda, Haskell, etc. A key 
feature of many such languages is let-polymorphism 
[31, 291. TLC together with let-polymorphism is re- 
ferred t,o as core-ML. Constants of fmctionality or- 
der 0 and equality on these constants of order 1 are also 
part, of all functional languages, e.g., eq? in Scheme. 
TLC and core-ML with constants and equality are 
T L C  and core-h/IL', respectively. Functionality or- 
der is a basic parameter in these languages, e.g., the 
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common practice involves programming with low or- 
der functionalities. Given their essential roles, it is im- 
portant to  understand the expressive power of TLC(") 
and core-ML(') as well as that  of their fixed order frag- 
ments. 

Related work in functional languages: The stan- 
dard approach to  TLC expressibility considers compu- 
tations over Church numerals (see, e.g., [3, 11, 351). 
There are several results characterizing the expressive 
power of TLC over Church numerals. If inputs and out- 
puts are Church numerals As. Xz. s (s (s . .  . (s 2)). . .) al- 
ways typed as Int (where Int  := ( T  + T )  + 7 + T for 
some type constant T of order 0) Schwichtenberg [35] 
and Statinan have shown that  the expressible multi- 
argument functions of type (Int,. . .,Int) + Int (or 
equivalently, Int  + . . . + Int i Int) are exactly the 
extended polynomzals. These are the functions gener- 
ated by 0 and 1 using the operations addition, multipli- 
cattion and conditional. The Schwichtenberg-Statman 
theorem exemplifies the language unaform typed anputs 
conventzon, where each input has one fixed simple type. 
This convention is the literature standard. It is used 
in [21] to  code relational algebra, on finite structure 
inputs, in TLC' of order 3.  

If inputs are Church numerals given more complex 
types than Int, exponentiation and predecessor can also 
be expressed [ll]. (Statinan, as quoted in Ell], showed 
that  equality, ordering, and subtraction are not ex- 
pressible in TLC for any typing of Church numerals). 
The exponentiation examples of [11] illustrate the pro- 
gram unzform typed znputs conventzon. Namely, each 
program has a fixed simple type and its inputs must 
be typed uniformly with this program. However, the 
same input might have different types when considered 
as input to  different programs. This convention is used 
in [21] to code fixpoint logic in TLC' of order 4 and 
higher-order logic in TLC" . 
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In fact other conventions are also possible. A most 
permissive one would be to  type the outputs with fixed 
simple types (e.g., Boo1 := 7 - 7 -+ 7 )  aiid provide no 
typing restrictions on the inputs other than requiring 
Boolean outputs. Under this nonuniform typed inputs 
convention Stat#maa’s theorem that  “deciding equiva- 
lence of normal forms of two simply typed A-terms is 
not eleiiientary recursive [37]” becomes an expressibil- 
ity result. (The proof in [37] uses Meyer’s theorem on 
t8he complexity of higher-order type theory [30]. For 
a simple proof of both see [28]). Under this conveii- 
tioii it is possible to have inputs that  are finite struc- 
t,ures conta.ining an equality predica.te on the domain 
of ea.ch structure. This makes it possible to interpret 
St,a.tman’s aad  Meyer’s theorems a.s expressibility of 
the Elementary sets in TLC [28] and to code Ptime in 
TLC of order 5 [all .  

Simple types limit 1a.nguage uniform (but not pro- 
gram uniform or nonuniform) expressibility. This has 
provided motivation for examining more expressive 
typed ca.lculi, such a.s the Girard-Reynolds second- 
orcler A-calculus [12, 341 (polymorphism via type quan- 
t,ifica.tioii) or Milner’s nm [IS, 311 (let-polymorphism 
a id  monomorphic fixpoints). For a. recent survey 
see [32]. I t  is the consensus of programmers that simply 
typed data  st,ructures limit flexibility, whereas poly- 
morphic ones are quite flexible. Although flexibility is 
hard to quantify, expressibility can be. 

Here, tlie technical development is based on program 
uniformity, hut has consequences on tlie language uiii- 
form expressibility of l e t  polymorphism. The anal- 
ysis highlight8s: (1) t h e  role of constants/equality and 
(2) i14L’s expressive power, even  with limited polymor- 
phisiia n i i d  110 , f izpoznfs.  

Input typing conventions a i d  type reconstruc- 
tion: La.ngua.ge uniformity and program uniformity 
mtural ly  correspond to the Church and Curry views 
of t81w TLC. In the “Church view”, a lambda. term 
conies with a. simple type. In the “Curry view”, lambda 
t,ernis come without simple types, which are recon- 
structed as needed. In stitdyiiig expressibility oiie as- 
sumes the program is of fixed size, so both simple and 
let-polymorphic type recoiistructioii is trivially con- 
stant time. However, in terms of program size, fixed 
order let-polymorphic reconstruction is NP-hard; see 
tlie journal version of [2O] (which corrects a. mistaken 
polynomial cla.im in the proceediiigs version). 

= doubly exponential time, etc.), k-Expspace, and El- 
ementary and of the concept of alternation; for a re- 
cent survey see [33]. The logical framework of first- 
order, higher-order, and fixpoint formulas over finite 
structures has been the principal vehicle of research in 
descriptive computational complexity and finite model 
theory. Starting with Fagin’s charxterization (in [lo]) 
of NP by existential second-order formulas over fi- 
nite structures, most computational complexity classes 
have been given such logical descriptions. For exam- 
ple, P has been characterized using fixpoint formu- 
las [23, 401 over finite structures. The  First-order sets 
ha,ve been characterized using first-order formulas over 
finite structures. These sets are a practically important 
class of rehtional database queries [9, 61. The  higher- 
order formulas have been extensively applied to the 
design of languages for complex-object databases; see 
the recent survey in [2] as well as [5, 241 for functional 
perspectives. 

Functional formalisms have also been examined in 
the context of descriptive computational complexity. 
Since Cobham’s early work there have been a num- 
ber of interesting functional characterizations of P, e.g., 
[4, 8, 13, 171, not directly related to  the TLC. A char- 
acterization related to  the TLC was recently derived 
by Leivant and Marion [27]. In [27], the simply typed 
lambda calculus is augmented with a pairing operator 
and a “bottom tier” consisting of t,he free algebra of 
words over (0,  1} with associated constructor, destruc- 
tor, and discriminator functions. With this addition, 
Leivant a.nd Marion obtain various calculi which char- 
acterize P. 

A research pr0gra.m was initiated in [21] and pur- 
sued in [19, 20, l] to answer the natural  question: “Is 
there a. functional analogue of the logical framework 
of first-order, higher-order, aiid fixpoint formulas over 
finite structures?” This paper completes the research 
program. Its new contributions are explained in de- 
tail below and related to  [ 2 l ,  19, 20, l ] .  Two impor- 
tant open questions remained, and are both answered 
here: (1) understanding the expressive power of arbi- 
trary functionality orders, and (2) understanding the 
expressive power of constants and equality. 

In terms of comparison of this paper’s contribution 
with related work in descriptive computational com- 
plexity: (a) Higher-order logic has been used to ex- 
press various exponential time and space classes, e.g., 
see [25, 22, 15, 261. However, the exact characterizar 

R.elated work in descriptive coinputational com- 
plexity: Some knowledge is assumed of the computa- 
tional complexity classes Regular, First-order, Ptime 
(or P ) ,  NPtiine (or N P ) ,  Pspace, k-Exptime (where 0- 
Exptime = Ptime, 1-Exptime = Exptime, 2-Exptime 

tions given in this paper are inore economical in basic 
primitives. (b) There are similarities between the ap- 
proaches of [a l l  201 and [27]. Both approaches add 
primitives to  the TLC to  encode P. The  principal dif- 
ference is that  TLC’ “equality and constants” appear 
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to be one order weaker t,han the “bottom tier” of [27]. 
Thus, the resulting language for P (in [20]) has to  use 
lambda terms that  are one functional order higher than 
those in [27]. Although this might seem to be a “purer” 
functional characterization, it comes with a technical 
problem. Because of tlie increased order, evaluation 
of terms by ,&reduction may require exponential time, 
even if only a Ptime computation is expressed. There- 
fore, one has to  devise an alternate evaluation meclza- 
nism that  always terminates in polynomial time. Ad- 
dressing this technical issue (generalized to  all orders) 
is the subject of this paper. The answer is based on the 
semantics of TLC [16, 38, 391 and seman t i c  evaluat ion  
appropriate for constants and equality. 

Semantic evaluation vs. reduction evaluation: 
In proving expressibility results for a fixed order lan- 
guage there are always two directions. First, a lower 
b o m d  o n  expressibil i ty,  i.e., t1ia.t ea.ch function of a 
computational complexity class is expressible. For 
functional 1a.ngnages this direction has been greatly 
simplified by Mairsoii’s proof technique of list i tera- 
t ion  [AS], which allows an easy coding of the analo- 
gous proofs from predicate logic. The second direc- 
tion is an .ripper bound o n  expressibil i ty,  i.e., that only 
functions of the computational complexity class are ex- 
pressilole. For predicate logic this direction is usually 
a.n imiiiediate consequence of predicate logic semantics 
(e.g., for fixpoint formulas this direction corresponds 
tmo t,he stmatmenlent t,lia.t tlie Herbra.nd universe is finite 
a,iicl polynomial in the input size). For the functional 
languages examined here the analogous argument is 
noiit,rivia.l, because of tjhe orcler of primitives that  are 
freely combined in the languages. The primitives have 
funct,ionality order low enough to  encode the required 
sets (relations) lmt high enough to do so with expo- 
nentially many cluplicate members (tuples). Semantic 
eva.luation addresses duplicate elimination and other 
pot,eiitial complications. 

In functional programming languages evaluation is 
usually by some reduction strategy. However, express- 
ing a. Ptiiiie function by progra.1-n p does not necessarily 
imply t1ia.t ( p  z )  c a a  be evaluatsed by a, reduct,ion strat- 
egy in polynomial time in input size Iz( . This is what 
t8he semantic evaluator gua.ra.ntees, hut not by reduc- 
tkm. Expressing a. Ptiine function should be contrasted 
t,o q f i c i e i i t l y  einbeddiiig it  in a langua.ge, where a.lso re- 
duct,ion eva,lua.tion is efficient. Such an embedding is 
given in [‘I] using a. fixed increase of functionality or- 
dtT. 

Contributions and Overview: A nontechnical con- 
tsribution is the completion of a, functional framework 
for descriptive comput,a.tional complexity. The basic 

definitions are in Section 2. The expressibility of var- 
ious languages is measured using their capabilities as 
set recognizers. There are a number of technical con- 
tributions: 

(Section 3 )  Without equality or constants, it  is 
possible to give a. language uniform characteri- 
zation of the Boolean functions and a program 
uniform characterization of the regular languages. 
The expressibility lower bounds use list iteration 
and the upper bounds semantic evaluation. 

(Section 4) With equality and constants the func- 
tional framework is based on t,he input and out- 
put conventions first proposed in [all.  Here in- 
puts are order 2 or higher terms encoding ordered 
finite structures and outputs are Booleans. At 
the minimum possible order 3, we have from [20] 
a. language uniform characterization of the First- 
order queries in TLC’, which is analogous to  the 
Schwichtenberg-Statmm language uniform char- 
acterization of the extended polynomials in order 3 
TLC. For orders beyond 3 ,  we generalize the pro- 
gram uniform cha.racterizations of Ptiine in order 4 
TLC’ and Pspace in order 5 TLC’ from [20, 11 to 
program uniform characterizations of k-Exptime 
in order 2 k + 4 TLC‘ and k-Expspace in order 
2 k  + 5 TLC’. This gives the full picture for 
the hyperexponential time and space complexity 
classes in TLC= and completes the research pro- 
gram started in [21]. 

Our proofs involve a semantic evaluation tech- 
nique, which is the main technical contribution of 
t,his pa.per. A simpler version wa.s initially devel- 
oped for the journal version of [20]. Here the argu- 
ment is generalized to  all orders, using a technique 
of Schwichtenberg from [36]. 

In Section 5, the fra.mework developed for TLC(=) 
under the program uniform convention is applied to  
core-ML(’) under the language uniform convention. 
The final Section G is a discussion of the modifications 
that  must be made t80 the framework to  characterize 
NP (see [14]). 

2 Defiiiitioiis 

TLC and TLC’: The syntax of TLC t ypes  is given 
by the grammar 7 E C I (7 -+ I), where 5 ranges 
over a set of t ype  varzables { p ,  CT, . . .} and the t ype  con- 
s tan t  T .  For example, p is a type, as are ( p  - a) 
and ( p  -+ ( p  i p)) .  In the following, a Y , / 3 , y , .  . . de- 
note types. Omit out,ermost parentheses and write 
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( v  - /I The syntax of 
TLC t e r m s  or expressioias is given by tlie grammar 
2: z [ I (88)  I Xt.8, where [ ranges over a set of ez- 
pi-cssioii variables  {x, 3,  z ,  . . .} aiid where expressions 
a.re well-typed a.s out,liiied below. In the following, 
E, F, G . . . denote expressions. Omit outermost paren- 
t,heses and write E F G  for ( E F ) G .  

Typubi l i ty  of expressions is defined by the following 
inference rules, where is a. function from expression 
variables to t,ypes, and r + {.:a} is the function I" 
identical t,o r except with r' (x) = a:  

7 for a - (0 + y). 

(VAR) r + {.:U> t- 

r t- xx. E :  - B 

Ca.11 a. X-term E well-typed (or equivalently a term 
of TLC) and a a. type of E, if r I- E:& is derivable 
by the above rules, for some r ancl a .  An explicitly 
typed X-term is a well-t,yped term E together with a 
deriva.tion of a. type of E; we write such terms suc- 
c,inct,ly hy providing type aniiotatioiis on t,he free a i d  
Iionnd va.riahles of E. 

The operational semantics of TLC a.re defined using 
alpha a n d  be ta  red,uction. See [3] for the definitioiis of 
reduct,ion a.nd substitution F [x: = E]. 

'I'LC" is obtained by enriching TLC with: (1) a type 
coiist,ant o different from r ,  (2) a countably infinite set 
0 = { 0 1 , 0 2 , .  . .} of expression constants of type 0 ,  aiid 
( 3 )  an expression coiistant Eq of type o -+ o 4 r -+ 

T - 7 .  The type inference rules for TLC' are those 
of TLC augmented with a.xioms o i :  o ( i  = I ,  2 ,  . . .) and 
Eq: o - o - r - T - T .  The reductmion rules of TLC' 
are obt>aiiied by enriching the operational semantics of 
TLC as follows. For every pa.ir of constants oi ~ oj , add 
t,o the TLC rules tthe reduction rule (linown a.s a deltu- 
redzrction rule): 
- Ax: r. A y :  r. x if i = j ,  { Ax: r. Ay: r. y if i # j (Eq  0; oj ) D 

Terms of the TLC and TLC= are in normal form, when 
t,liey ca.iinot8 he funther reduced by beta. 01' delta reduc- 
tion. See [3] for otlier reduction notions, not in TLC=,  
sucli as i7-reduction. Froiii [s, 161 the following prop- 
ert,ies hold in TLCF.  (1) C.'lrwch-R,osser a n d  Strong 
~ V o r r n  ctlizalion; reductioiis 1ea.d to the same normal 
foriii and a1.uvaq.s t,ermina.te. (2) P,riii cipul t y p e  prop-' 
e r f y :  A simply typecl t,erin 1ia.s a principal type, that  

is, a type from which all other types can be obtained 
via substitution of types for type variables. For seman- 
tic properties of TLC refer to  [16, 35, 391. 

Core-ML and Core-ML': For brevity we define 
let-polymorphism using simple type syntax (see [as])  
with tlie extra inference rule (Let). The  syntax of core- 
ML= (core-ML) is that  of TLC' (TLC) augmented 
with one new t,erm construct: l e t  = E in E .  Call 
a X-term E well-typed if I' I- E : a  is derivable by the 
inference rules (Var) , (Abs) , (App) , and (Let) for some 
T and a .  

r t- E : ~  r F F [ ~ : =  E ] : @  
r t- let x = E in F : P  (LET) 

The operational semantics is as for TLC' (TLC), 
where in addition let x = E in F is treated as 
(Ax. F )  E. Also, core-ML' (core-NIL) has all the  above 
properties of TLC= (TLC), Church-Rosser etc. There 
is inore flexibility in typing tha.n in TLC' (TLC). For 
example, let x = ( X Z . ~ )  in (xx) is in core-ML but 
(Ax. x z) (Xz. 2) is not in TLC. 

Functionality Order: The order  of a type, which 
measures the higher-order functionality of a X-term of 
that  type, is defined as order (a)  = 0,  if cy is a type 
variable or type constant, and order (a)  = max(1 + 
order ( p ) ,  order (y)),  if a i s  an x r o w  type @ -+ y. Refer 
to the order  of un explicitly typed X-term as the order of 
its type. The  ordei- o f  a redex (Xz: a .  E) F occurring in 
an explicitly typed term is the order of a.  Finally, the 
above definitions and properties hold for fragments of 
TLC,  TLC', core-ML, and core-ML', where the order 
of terms is bounded by some fixed IC. In  such frag- 
ments use the above inference rules but with all types 
restricted to  order k or less. 

Model Theory: The model theory of TLC is stan- 
dard (cf. [16]). All models used in this paper are finite 
and are full type frames over base type 7 with binary 
domain 11.71 := { O ,  l} and (in the TLC' case) base 
type o with varying, but  finite domains [on C 0 de- 
pending on the query under consideration. The  TLC= 
constants are interpreted in tlie natural way: [oil := oi 
aiid [Eq] := Ax Xy X u  A V .  if x = y then U else v E 
Io i o - T + T - 71. The notation [t] denotes the 
value of a closed explicitly typed TLC or TLC' term t 
in the model under consideration; here we assume tha t  
the type o f t  does not contain type variables. 

List Iteration: Let us briefly review how the basic 
technique of list iterat,ioii worlis. This technique is 
key to all lower bound proof,, here aad is quite pow- 
erful, see [as]. Let {El, Ez,. . .,Ek:} be a set of X- 
terms, each of type a ;  then L := X c : a  -+ @ -+ p. 
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XIZ: /3. c El ( C  E2 . . . (C Ek-1 ( C  Ek n)) 
type ( a  - /3 - p) -+ p -+ 

list iterator encoding the list El, Ea,. . ., Ek; the vari- 
ables c and n abstract over list constructors Cons 
and Nil. For example, consider the standard encod- 
ing of Boolean logic, where True := Xz: T. Ay: T. 2 and 
False := Xz: T. Ay: T. y, both of type Boo1 := T -+ T -+ T 

and the exclusive-or function can be written as Xor := 
Xp:Bool.Xq: Boo l .Xz : r .Xy : r .p (qy~~) (qzy) .  The par- 
it8y function can be writt,eii a.s Parity := XL: (Bool -+ 

Boo1 - Bool) -+ Boo1 -+ Bool. L Xor False. Intuitively, 
when Parity is a.pplied to  a list iterator, its emluation 
can be visualized as initializing a,n nccunzulator to False 
a.nd then looping bacltwards through the elements in 
the list,, setting the accumulator to  the exclusive or of 
it,s previous d u e  a.nd the current list element at each 
stage. 

Inputs and Outputs: For all languages in this pa- 
per, the output of each program is of fixed simple 
t,ype Boo1 := T --+ r -+ T .  Moreover, programs and 
inputs are a.ssumed to  be closed terms, i.e., without 
free va.riables. It follows that, ea.ch program, when ap- 
plied t,o an input, returns one of the two normal forms 
True := Xz: r. Ay: r. z or False := Xz: r. Ay: r. y. 

In Section 3 dealing with the pure TLC, inputs 
are Booleans eiicoclecl a.s True or False and lists of 
Booleans, which are eiicoded as list iterators Xc. An. 
c B1 ( e  B:, . . . (c Bk 1 2 )  . . .), where each B1, Ba, . . ., Bk is 
either True or False. These iterators can be typed in 
ma.ny possible ways, e.g., (Bool --+ a --+ a )  --+ a -+ a 
for each type a .  This is abbrevia.ted a.s {Bool}", or, if 
t,he exact nature of a does not matter, as {Bool}*. 

In Section 4 dealing with TLC=,  inputs are encod- 
ings of ordered finite structures. An ordered finite 
st,ruct,ure ( d ,  r l , .  . . I  r7,,,) of arity ( k l ,  

a, finitme set d ca.lled its domain, re1 
a.rity ( k l , .  . ., k m )  over d ,  and a 1inea.r ordering 011 d.  
For convenience, me assume t1ia.t d is a subset of the 
set, of TLC= c,oiista.nts. We encode a linearly ordered 
doma.in d = { o l , ~ : , , .  . , O N }  as the list iterator 2 := 
Xc. An. e01 (coa . . . ( C O N  n )  . . .) and a k-ary relation 

t,he list itemtor 
1' = {(0l,l,~1,2,...,Ol,k~), , (0,J , %,2, . . ., % k ) >  as 

(con,,1 %,a ' "07n,k 71) ' ' .I), 
where each tuple of 1' appears exactly once and the 
orcler of the t,uples is lexicographical as determined by 

the order on d.  
If r contains at least two tuples, the principal type 

of F is (0 --f . . .  -+ o + U -+ U )  + (T + U ,  where U is 
an arbitrary type variable. The order of this type is 2, 
independent of the arity of r. We abbreviate this type 
as o i .  Instances of this type, obtained by substituting 
some type a for (T, are abbreviated as o t ,  or, if the 
exact nature of a does not matter, as 0:. 

Program Uniformity, REG, and TLIF: When 
characterizing regular languages in TLC and complex- 
ity classes beyond First-order in TLC', we adopt a 
program uniform typing convention, where each pro- 
gram term has fixed output type Bool, but where dif- 
ferent program terms may type their input encodings 
differently. We define languages REG and TLIT, i 2 1, 
as follows: REG is the set of all closed TLC terms ex- 
plicitly typed with a type of the form {Bool}* --+ Bool, 
and TLI, is the set of all closed TLC= terms explic- 
itly typed with a type of the form O" -+ ozll --+ . . .  --+ 

0;; + Bool, where a ,  a1,.  . . ,a, have at most order i .  

Language Uniformity, BOOL, and TLIT: The 
program uniform convention should be contrasted with 
the language uniform convention, where all program 
terms type their inputs in the same way. This is the 
convention used in [ll, 351. We use it for characterizing 
the Boolean functions in TLC, the First-order queries 
over ordered finite structures in TLC=,  and for all char- 
acterizations in ML=. We define languages BOOL and 
TLI,' as follows: Let BOOL be the set of all closed TLC 
terms explicitly typed as Boo1 -+ . . . -i Boo1 + Bool, 
and let TLI, be the set of all closed TLC= terms ex- 
plicitly typed as or + oil  - . . . --+ oil  -+ Bool, where 

We can define analogous languages MLREG, ML- 
BOOL, and MLIT, i 2 0 using ML and ML= t,erms 
instead of TLC and TLC' terms. These differ in one 
important aspect from their TLC and TLC' counter- 
parts: The use of polymorphism turns program unifor- 
mity into language uniformity. This can be shown us- 
ing Milner's polymorphic notation, but is not included 
here to  keep the presentatibn short. 

12 0. 

3 On the Expressive Power of TLC 

Our first expressibility result in the pure typed X- 
calculus is a simple characteriza.t,ion of the Boolean 
functions. 

Theorem 3.1 The functions expressible b y  terms in  
BOOL are exactly the Boolean functions. 

Proof: Any closed TLC term of type Boo1 -+ Boo1 -+ 

. . .  - Boo1 + Boo1 reduces, once its arguments have 
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been supplied, to  a closed normal form of type Bool, 
hence either to  D u e  or False, and therefore defines a 
Boolean function. 

Conversely, any Boolean function can be translated 
into a TLC term by writing i t  as Boolean formula and 
translating the formula into TLC using the connectives 
And := Xp: Bool. X q :  Bool. Xu: r. Xu: r. p ( q  U u )  w ,  Or := 
Xp:  Bool. X q :  Bool. Xu: r. A V :  r. p t i  ( q  U U ) ,  and Not := 
Xp: Bool. Xu: r. X w :  r. p v U .  0 

Remark 3.2 The theorem remains valid if we allow 
more liberal typings of the form Bool"' 

and CY; is an arbitrary type. For a.ny closed TLC 
term Q of such type there is a. closed TLC term Q' 
of type Boo1 i Boo1 -+ . . .  -+ Boo1 -+ Boo1 that  
computes the sa.me Boolean function. Q' can be de- 
fined a.s Xpl: Boo1 . . . A y k :  Bool. QF1 . . . p k  , where pi := 

Xu: ai. X u :  ai. X2:  p'. p ( t i  2)  (v 2) and 2: ,B is chosen so 
t,lia.t, t i  2 has t,ype r .  

Remark 3.3 If a Boolean function f is given by a cir- 
cuit (rather than a formula), a TLC term comput,ing f 
can be found whose size is linear in the size of the cir- 
cuit,. This is clone by using A-abstraction to simulate 
shared subexpressions: if expression E occurs multiple 
times in expression F, we ca.n r e p h e  each occurrence 
with a va.riable z and then write (Ax. F )  E instead of 
the origina.1 F .  

Bool? 
Boolak -+ Bool, where Boola' := a; - a'i -4 ai 

-+ 

More interestingly, there is also a simple char- 
a.cterization of the regular languages over the al- 
phabet C := (0 ,  l} (or, with the obvious modifi- 
cations, any finite alphabet). We encode a word 
w = blba . . . b,,, with hi E (0, I} as a list iterator 
w := Xc. A n .  e B1 ( c  Bz . . . (c B,-1 ( e  B, 72)) . . .), where 
Bi := Fdse if bi = 0 and Bi := True if bi = 1. 
Under t81iis encoding, any closed TLC term of type 
{ Bool}* - Boo1 defines a Boolean function on words 
over c. 

- 

Theorem 3.4 T h e  f u n c t i o n s  expressible by t e r m s  in 
REG are exac t ly  the  characteris t ic  fimctions of regular 
Inn.gzrages ovei-. t he  alp1i,abet (0, I}. 

Proof: If L is a regu1a.r language over (0,  I}, a. X- 
k r n i  Q recognizing L can be c.onstruct,ed as follows. 
First,, construct a. deterministic finite automaton 114 
recognizing tlie rewrsal of L ,  i.e., the set of bit strings 
{b?,, . . . bz 01 I bl  63 . . . bTn, E L} (which is also regular). 
Let, {.SI,. . ., s , ~ , }  be t,he set of states of M ,  where s1 is 
the starting sta.te a.nd {sm+1,. . ., sn} are the accept- 
ing st,a.t,es. For 1 < i < 7%. let st ,  and sf. be the 
stmates t,lia.t, M ent,ers from state si when reading a 

1 or 0 bit ,  respectively. We encode each s ta te  si as 
a projection function ~i := Xzl: r . . . Axn: r. zi of type 
x := r -+ 7- - . . . 4 r ,  and we simulate a run of M on 
the reversal of a string w by a list iteration over the list 
representation of w ,  where we keep the current state in 
the "accumulator" (beginning with T I )  and update it 
as the iteration proceeds from the last to the first bit 
in w .  The result of the iteration encodes the s ta te  of M 
after reading the reversa.1 of U ) ,  and we return True or 
False depending 011 whether the state is accepting or 
not. The complete term Q is given by: 

Q: { Bool}X - Bo01 := 

Xw: { Bool}X. Xu: r. X w :  7 .  

w ( A b :  BooI. AS: X .  X Z ~ :  T . .  .AX,: 7 

b ( s  2 t l  . . . Xtn) (s Z f l  . . . Xfn))  

Tl 

v u . .  .uuu.. .U vv 
nz n-7n 

Conversely, let Q be a closed TLC term of type 
{ Bool}" -+ Boo1 for some type cu (we may assume that 
a does not, contain type variables) and let L be the set 
of bit strings whose encodings are accepted by Q. We 
will construct a finite automaton M recognizing L.  To 
this end, consider the semantics of T L C  in the full type 
frame (cf. [ l G ] )  over base domain 8.1 := { O , l } .  The  
state space of M will be the (finite) function space 
S := [{Bool}?] and tlie initial state will be S O  := 
[Xc: Boo1 + a -+ a .  An: a .  n]. For every bit string w ,  
M has a tmnsition 1a.beled 0 from [E]] to [WO] and 
a, transition labeled 1 from [E] to [a]]. A state s 
is accepting iff [Q] ( s )  = [True]. It is easy to  see 
that  M is deterministic (if [E] = [C] then [a] = 
[Xc.Xn.wc(cTrue?%)] = Xc.Xn. [w](c,c([True],n)) = 
Xc. An. [q ( e ,  c([nLle]], n)) = [a]) and tha t  after 
reading a bit string w ,  M will be in state [GI. Hence, 
M accepts w if and only if [Q] ( [ E ] )  = [Q E] = [True], 
i. e., ( Q g )  reduces to  True. 0 

Remark 3.5 The proof above shows tha t  a term in 
REG with the simplest possible type {Bool} + Boo1 
can be simulated by a DFA with I[{Bool}]I= 2233 
states. However, most of these states are not of the 
form [E] with 7u E { O ,  1)' and therefore have no tran- 
sitions associated with them, so they may be deleted 
from the automaton. Moreover, some of the remaining 
states a.re A-indistinguishable in the sense tha t  there 
is no A-definable function of type [{Bool}] -+ [Bool] 
that  can tell them apart .  A careful case analysis shows 
that  in fa.ct only five states are distinguishable: these 
correspond to  the empty string, strings containing only 
l's, strings containing only O's, strings containing both 

258 



1’s and 0’s beginning with a 0, and strings contain- 
ing both 1’s and 0’s beginning with a 1, respectively. 
It follows that  the language recognized by any A-term 
of type {Bool} -.I Boo1 is the union of some of these 
five basic languages. In particular, any such language 
can also be recognized by a. uniform family of constant- 
depth, unbounded fan-in circuits. 

4 On the Expressive Power of TLC’ 

In this section, we generalize the results of [20, 13 to  
provide characterizations in TLC’ of the k-Exptime 
and k-Expspace complexity classes for all k 2 0. In 
keeping with these earlier papers, we consider com- 
putations over ordered finite structures, which are en- 
coded in TLC’ as described in Section 2. Equivalently, 
we could have considered computations over bit strings 
encoded as lists of (posatzon, value) pairs, where the 
posztzon field contains a unique constant for each bit 
and value is either True or False.’ 

Theorem 4.1 Under the ,finite structure input/output 
convention described in Section 2: (1) TLG expresses 
language uniformly exactly the first-order queries mer 
ordered finite structures; and (2)  for k 2 0 ,  TL&+l 
and TLGk+, express program. uniformly the k-Exptime 
and k-Expspace queries over ordered ,finite structures, 
respectively. 

The ca,ses TLI,, TLI,, and TLI, were first proven 
in [‘LO, 11 for queries producing relations (instead of 
Boolea.ns) as output. Since a Boolean query can be 
rasily modified to  produce a relation instead (repre- 
senting True as a nonempty and Fa.lse as an empty 
relation), they also apply in our current Boolean query 
setting. The rest of this section is devoted to  proving 
the ca.ses TLIf for k 2 3.  

4.1 Lower Bounds on Expressibility 

We briefly sketch how k-Exptime and k-Expspace 
computa.t,ions can be simulated in TLC’. The tecli- 
iiique is an achptation of [28] a.nd builds on the encod- 
iiigs of first-order and Ptinie queries given in [all.  

To simulate an a.rbitrary k-Exptiine (k-Expspace) 
query Q over an ordered finite structure S,  it suffices 
to itera.te a first-order query Q’ a k-hyperexponential 
( ( k  + 1)-hyperexponential) number of times over a 
structure S’ of size k-hyperexponential in the size of S: 
namely, pick Q‘ a.s describing the transition function 

‘Thr; reaultti of the previous sect,ion show that the p o s i t i o n  
component is essential if one wants t.0 go beyond regular 
languages. 

of a Turing machine computing Q and S’ as describing 
a tape of k-hyperexponential length with an encoding 
of S in its first few cells. 

There are two crucial steps in coding this iteration. 
The first is the construction of a Church numeral Crank 
of k-hyperexponential or ( t  + 1)-hyperexponential size, 
which will serve to  iterate the query Q’ the required 
number of times. This is done, e. g., by computing the 
length of each input relation (as a Church numeral), 
computing a suitable product of these lengths, and 
finally exponentiating this product IC or k + 1 times. 
The exponentiation requires that  each input relation is 
typed with an order k + 2 or k + 3 type rather than its 
order 2 principal type. 

The second step is the construction of the domain 
of S’. Here we use t8he model theory of TLC. Let d = 
(01,. . . , O A T }  be the domain of S. Let a1 be the type 
o -+ o -+ . . * + o -+ Boo1 (the nuinber of occurrences 
of o is chosen depending on the exact complexity of Q ) ,  
and for 1 < i 5 k ,  let ai := ai-1 -+ ai-1. Let Di = 
[a;] be the domain of ai in the full type frame over base 
domains [IT] := (0, l} and [o] := d.  Note that  lDkl is 
k-hyperexponential in I d / .  Each D; may be ordered in 
a natural wa.y, based on the ordering of d.  

For 1 5 i 5 k ,  it is possible to  write TLC’ terms 
Equali: ai -+ ai - Bool, LessTliani: a; -+ ai -+ Bool, 
Mini: ai, Maxi: ai, and Succ: ai + ai coding equal- 
ity, ordering, minimal a.nd maximal elements, and 
the successor function on Di , respectively. More- 
over, one can code a quantifier operator Existsi: (ai - 
Bool) -+ Boo1 such that  for any closed term P:ai  -+ 

Bool, (Exists; P )  D True iff there exists a value 
[I.] E [ai] with (Pv) D True. This operator essen- 
tially uses the term Crank constructed above to  build 
a large disjunction Or ( P  Mini) (Or ( P  (Succi Mini)) 
(Or ( P  (Succi (Succi Mini))) . . .)). Finally, one can 
write “lifting” operators that  transform the input rela- 
tions, which are defined on d ,  into relations on Dk. The 
coding of all these operators is complicated to  some ex- 
tent by the restrictions of the inonomorphic type sys- 
tem of TLC; see the “type laundering” technique of [21] 
for an illustration of these difficulties. 

Once Dk and its associated predicates have been 
constructed, a Turing machine computing the original 
query Q can be coded by expressing its transition func- 
tion as a first-order query Q’ over domain Dk and using 
Crank to  iterate i t .  Since the values passed from one 
stage of the iteration to  the next are predicates over Dk 

and require order k + 1 types to  be represented, the 
order of the input relations must be increased by an 
additional k + 1 levels above the order k + 2 or k + 3 
imposed during the construction of Crank. Thus, the 
total order of the input relations becomes 2 k + 3 for 
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a simulation of k-Exptime and 2 k + 4 for k-Expspace, 
which makes t8be corresponding TLC” terms members 
of TLI,,, and TLI,+,, respectively. 

4.2 Upper Bounds on Expressibility 

Our goal in this section is to prove the second half 
of Theorem 4.1, namely: 

Tlieorein 4.2 Q u e r i e s  expressed b y  query t e r m s  in 
TLG,+,  and TLG,+, can be evaluated in k-Exptime 
nnd k-Expspace ,  respectively. 

It, is easy to see tha t  these bounds ca,iinot be ob- 
h ined  by a purely syntactic evaluation mechanism 
(t41iat. is, /h-reduction), because TLC‘ terms of or- 
der M 2 k inay l ime normal forms of up to 2 k-hyper- 
exponential size. We use therefore again a semantic 
rva.lua.tion technique. Due to the presence of constants 
{ol, 0 2 , .  . .}, however, we are now dealing with an infi- 
nite base doma.in and therefore cannot precompute the 
semantics of a. query term. Instead, for any given in- 
put,, we have t,o compute the semantics of the query 
t,erni and inpiit, together in a. inodel t1ia.t is based on 
t,he (finite) set. of constant,s a.ppea.ring in tlie query term 
and the input.  

In t#he following, let Q be a. TLIE query term ( k  2 1). 
assume t1ia.t the explicit type of Q does not cont,ain 
e va.ria,hles. Let 2. F, . . .,?.I be a legal input for Q 

(i.e., a a  encoding of a, finite structure ( d , r l , .  . .,q), 
where t,lie arities of 1 ’ 1 ,  , rl are the ones stipulated 
by t,he t,ype of Q), and D be the set of constants 
occurring in Q or d. We will compute [Q z q .  . . in 
t,hr full type frame over base doinaiiis [Io] := D and 
UT] := (0;  l}, where [o i l  := oi and [Eq] := Xz y u v .  if 
R‘ = y then U else w. Since the result must be either 
[ [ T h e ]  or [Fa,lse] and these tmwo values are different el- 
ement,s of [Bool], the result will tell us the outcome of 
t,he query. 

During the comput,a.t,ion, we st,ore the value [E] of a 
closed expression E: N as a table conta.ining the graph 
of [E]. That, is, if N P1 + . . t  --? @, + y with 
7 E o or == T ,  then [E] is stored a.s ( ( 7 1 1 , .  . ., w,, W )  I 
,ui E [pi], w E [r], w = [E] ( v l ,  . . .,U,)}. For expres- 
sions of order 777, the  size of t8his table is (m-1)- 
liyperesponeiit,ia,l in t,he size of D .  

\Ire are going t80 define a fa.mily of evaluation pro- 
cedures Evalk. where k = 0 , 1 , 2 ,  For a. closed ex- 
plicit,ly t,yped T L C  k r m  E, ea.ch Eva.lk ( E )  coiiiput,es 
[[E]> hut t,he evaluators differ in the reduction strategy 
t,liey use. Roughly speaking, Eva]% uses “call-by-value” 
for redexes up to order k a.ncl “ca11-l~y-na.ine~’ (i.e., p- 
leduction) for redeses of higher order. Thus,  Erdo 

uses pure P-reduction, which requires very deep recur- 
sion, but very little storage for intermediate results, 
whereas higher order e v a h t o r s  use a more shallow re- 
cursion, but larger intermediate results. I t  turns out 
that  the best tradeoff is obtained when k is about half 
as large a~s the maximum of the orders of the subterms 
of E ,  which leads to the time and space bounds in the 
theorem above. 

To simplify tlie presentation, we adopt the following 
conventions: (1) In any given term, all bound variables 
are distinct from each other and all free vasiables, and 
(2) all terms are fully 7-expanded in tlie sense tha t  any 
subterm of non-zero order is either an  abstraction or 
occurs as the left part of an application (this can al- 
ways be achieved by suitable 7-expansion). Moreover, 
we allow values as pa.rt of X-terms; more precisely, we 
introduce for every type CY a.nd every value w E [a] a 
constant c,: N with [q,] := v, which we identify with W. 

Under these conventions, a closed explicitly typed 
TLC’ term C can take one of the following three forms: 
(1) C E u E ~  . . .  E,, where n 2 0 and v is a value; 
(2) C E (Xzl:  a1 . . .Ax,: a,. E) Fl . . . F,, where n 2 1; 
and ( 3 )  C E X z l : a l . .  .XZ,:N,. E, where n 2 1. For 
these three cases, Evalk (C) is defined as follows. 

Eva.lk (w El . . . E,) := 

Apply (U, Eval (El), . . ., Eval (E,)) 

Evalk ((hi: a l . .  . Xz , :  CY,. E) Fl . . . F,) := 

Evalr, ( E  [xl: = G1, .  . ., 2,: = Gnl), 
where Gi := Evalk (Pi) if order (ai) <_ k 
and Gi := Fi if order (a i )  > k 

Evalk(Xzl: cui... X z , : a , . E )  := 

{ ( V I , .  . .,U,, W )  I w i  E [a i ] ,  UJ = Evah (E [C = q)} 
Here, Applj~ denotes function applica.tioii in the type 
frame. Since we represent all functions as tables, Apply 
amounts to a table looltup. 

Lemma 4.3 For a n y  closed T L C  term C ,  Evalk ( C )  
yields  ( the graph of) [C]. 

Proof: By a stmightforward induction on the  struc- 
ture of C.  0 

Let d k  ( C )  be t,he depth of the recursion tree gen- 
erated by the call Evalk (C) (including the initial call) 
and let d ( C )  be the depth of the syntax tree of C .  
We use a technique of Schwichtenberg [36] to  obtain a 
bound on clr, (G) in terms of d(C) .  

Lemilza 4.4 Let  &I be a TLC‘ term with f ree  vari-  
ables among { y l ,  . . .,y/}, let C1,. . .,Cl be closed TLC’ 
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I F r I T / . S  l L i l h  t,ype (Cj) = type (yi) Ulld order (Ci) 5 
k + 1 f o r  1 5 i 5 I ,  let p be th,e siib.stitutioa 
[yl: = (71, . . ., yl: = Cl], let o be the  sitbstitiitioii [yl:  = 
[Cl], . . ., yi: = [CJ;]], find let  in := ma.xl<i<l d k  (Ci). 
Then d k  ( A l p )  5 d k  ( M O )  + 177. 

Proof: (Sltet.ch) The evalua.tion of M p  inimiclts that 
of MO, except when a, subterm (Ci El . . .E,) is en- 
countered. In that  case, Ma will cont,a.in t,lie subterm 
([C;] El . . . E, ) ii1stea.d. After evaluatiug the argu- 
inents El,. . . 1  E,,, the evaluator of MO ca.n compute 
t.he vdue of t.he subterm by a. simple table lookup, but, 
t,hr evalua,tor of i W p  iiiust instmead eva.luate a. copy of Ci 
mit,li [El]. . . ., [En] for arguments. Thus, the recursion 
t'ree for M p  may be as tall a.s the recursion trees for 
M O  and Ci stacked on top of ea.ch other. Note t1ia.t 
t,he condit.ion order (Ci) 5 k + 1 is essential: other- 
wise, Eva.lA. would call some of the E; by name and 
t,lie recursion t,ree for (Ci El E,,) would be deeper 

- 

t,liaii d k  (Ci). 0 

(lk ((:') < 2""+'("') - 1, 
Leiniiia 4.5 L e f  c-' be closed a n d  k 2 0. Then 

- 

Proof: (Sliet.ch) The recursion trees of Evalk+I (C) 
and Evalk ( C )  differ in those pla,ces where a. redex of 
ortler k +  1 is evalimtecl. In t8hatj ca.se, Evalk+l uses call 
hy value, whereas Evdk uses call by name. Accord- 
ing t,o t,he previous lemma, t,liis 1na.y at  most double 
t,he depth of the recursion tree. There may be at most 
d k + l  (C') such recleses a.long a.ny pa.th in  the recursion 
trer of EvaJk+l (C), so clk (C) is a.t inost exponentid in 
dk+l ( C ) .  0 

Leiiinm 4.6 Let C! be closed a n d  k be t h e  171.uziii7iiiii 

o i d f r  of m y  redex i i ,  C .  Then d k  ((7) 5 d ( C ) .  

Proof: (Sltetjch) Since all redexes in  a.re of or- 
der < k .  Evalk ( C )  will never perform any ,/!-reductions. 
It, follon~s that. the argument of every recursive call of 
Evalk ha.s a strictly smaller depth than that of the p a -  
ent, c,all. hence d k  ( C )  5 d(C,'). U 

Lemma 4.7 Let Q be a TLG querg term and let 
( l , f l ,  . . .,?;.r be a legal input for  Q. Let Q' be the  teriiz 
obt(irired f rom (QZF.  . . F i )  by cowtractiiag a l l  redexes 
of o d e r  2 k .  Tl,.eii, d ( Q ' )  i s  yolynoni~ial iii Id( .  Fur- 
theiwiore.  Q' crrri, be computed  in e~q)oi i~e i i t ia l  t i m e .  

- 

Proof: By a,n analysis of the structure of Q. 0 

Lenima 4.8 Lt t  Q be (1 TLC girery t e r m  f o r  k 2 3,  
d,c3 . . .>-  b~ a legal  iiiput for Q ,  aitd Q' be rle,fiiieil 
( I S  c i b o r ~ .  Theu: ( I )  if k = 2 m + 1, Eval,,+l ( Q ' )  
w / l l  produce [ ( Q a q .  . .-)I in in-Ezptim.e, a n d  (9) z f  
k = 2171 + 2, Eval,+l (Q') will produce [ (Qa- .  . .-)I 
In i n -  E:rpspace. 

- 

Proof: (Sketch) First observe that  Evalm+l (Q') = 
[Q'] = [(QZF. . .F)], so the evaluation produces the 
correct result. Second, since Q' has no redexes of or- 
der > k ,  dk -1  (Q')  is bounded by d(Q' )  and hence 
polynomial in Idl. It follows that  d,+1 (Q') is a t  most 
( k  - m - 2)-hyperexponential in Id [ .  

Consider the time and space consumed a t  each node 
in the recursion tree of Eval,+l (Q'). It is easy t80 see 
that Eval,+1 invokes itself only on terms of order nz+ 1 
or less, so the largest values that  Eval,+l has to  ma- 
nipulate are of order m + l .  These values are stored rep- 
resented as tables of size at most m-hyperexponential 
in (dl. The time and space consumed at each node 
are bounded by the size of these values', and so is the 
number of children of each node. 

I t  follows that if k = 2 m + 1 is odd, the recursion 
tree of Eval,+l (Q') is of a t  most ( k  - nz - 2 = m - 
I)-hyperexponential depth with a fanout at  most m- 
hyperexpontial, so the total number of nodes is a t  most 
m-hyperexponential. Each node consumes at most m- 
hyperexponential time, so the total computation can 
he carried out in in-Exptime. 

Similarly, if k = 2m + 2 is even, the recursion 
tree of Eval,,+l (Q') is of a t  most ( k  - m - 2 = m)- 
hyperexponential depth with each node consuming at 
most in-hyperexponential space, so the total computa- 
tion can be carried out in m-Expspace. 0 

Th~is ,  the complete algorithm for evaluating TLI, 
queries, where k 2 3,  is a.s follows: First, compute 
the set of coilstants appearing in the input and the 
query term to determine [on, then compute Q' as de- 
fined above, and finally compute Eva.ll(h+l)/a] (Q'). 
Together with the Ptime and Pspace bounds proven for 
TLIf and TLIF queries in [19], this establishes Theo- 
rein 4.2. 

5 On the Expressive Power of core-ML 
and core-ML' 

The theory of let-polymorphism can be explained 
using either quantified type variables [31] or using sim- 
ple types and the rule of Section 2 [29]. The approaches 
are essentidly equinlent .  What can be shown us- 
ing the quantified type va.ria.ble notation, is that  the 
above program uniform expressibility results become 
language uniform expressibility results for MLREG and 
MLI,' : 

'We assume here that A-terms are represented as dags and 
substitution is implemented as a constant-time operation, e. g.,  
by maintaining environments. 
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Theorem 5.1 illL REG expresse language unz formly  
ccuc t ly  thc. regular languages. For k 2 0, hdLGk+, 
ni2d MLGk+2 t Lpress language unz formly  exact ly  t he  
k-Exptime and k-Expspace  qiierzes over ordered finrte 
s t  rii ct U res re spect r vely  

6 Discussion 

The  fuiict8ioiia.l framework for descriptive computa- 
t,ioiia,l complexity presented here has syntactic charac- 
tjerizat8ions for t,he Regular, First-order, Ptime, Pspace, 
k-Exptime, k-Expspace ( k  2 l ) ,  and Elementary sets. 
‘These clmracterizations highlight the symmetries be- 
t,ween t ime and space that are also present in the theory 
of alternation. The  Ptirne vs Pspace question becomes 
a questmion of espressibility of orcler 1 vs. order 2. 

The  fra.inework does not include a syntactic cha.rac- 
(.eriza.tion €or NP. This  is not surprising, given the de- 
t.eriniiiist,ic iiat,ure of coinputatioiis modeled by la,mbcla. 
calcxli. Also. the syiit#actic chsses characterized are all 
closed iiiicler coinplenieiit, and this makes a, similar N P  
rharacterization unlikely. There is a simple (aad coii- 
1-ent’ional) way to ca.pture NP. Add one primitive to 
t’he lanibda cdculus,  namely a. coin primitive that con- 
verts to bot,li booleans. Coins can he par t  of the input 
list-it>erators. We have not pursued this approach here, 
since i t  mould result in violat,iiig Chrch-Rosser, even 
while preserving terinimtion. 

A personal remark. Paris 1hiella.ltis died in a. plane 
cra.sli on December ‘LO, 1995, a few days after we fin- 
i s h d  this work. I had t,he privilege of enjoying his 
guichiice, company, a.nd friendship during m y  P1i.D. 
shdies  a i d  our collaboratioii afterwards. Wi th  sad- 
ness, but) also with wa,rin remembrance, I dedicate this 
imper t,o his memory. 
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